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Abstract
We study class preserving automorphisms of groups of order thirty two
and prove that only two groups have non-inner class preserving automor-
phisms.
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1 Introduction
Let G be a finite group and let p be a prime. For x ∈ G, let xG denote the con-
jugacy class of x in G and let Aut(G) denote the group of all automorphisms
of G. An automorphism α of G is called a class preserving automorphism if
α(x) ∈ xG for all x ∈ G. Observe that every inner automorphism of G is
a class preserving automorphism. The set Autc(G) of all class preserving au-
tomorphisms is a normal subgroup of Aut(G), and the set Inn(G) of all inner
automorphisms is a normal subgroup of Autc(G). Let Outc(G) denote the group
Autc(G)/Inn(G). In 1911, Burnside [2, p. 463] posed the question: Does there
exist a finite group G which has a non-inner class preserving automorphism?
In other words, whether there exists a finite group G for which Outc(G) 6= 1?
In 1913, Burnside [3] himself gave an affirmative answer to this question. He
constructed a group G of order p6, p odd, such that Outc(G) 6= 1. After this
more groups were constructed such that Outc(G) 6= 1 (see [5], [7], [11], [16]
and [17]) and many authors found the groups for which Outc(G) = 1 (see [4],
[10], [12], [13], [14]). It follows from [8] that for extra special p-groups all class
preserving automorphisms are inner and from [9] it follows that Outc(G) = 1
for all groups G of order p4. Recently Yadav [19] studied the groups of order p5,
p an odd prime. He proved that if G and H are two finite non-abelian isoclinic
groups, then Autc(G) ∼= Autc(H). He also proved that Outc(G) = 1 for all the
groups G except two isoclinic families. In the present paper we show that out
of 51 groups of order 32, there are only two groups for which Outc(G) 6= 1. A
list of groups of order 32 is available from Sag and Wamsley’s work [15]. We
use Sag and Wamsley’s list and adopt the same notations for the nomenclature
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and presentations of the groups. However, we write the generators 1,2,3, and 4
used in [15] respectively as x, y, z, and w. All the results proved in section 3 are
summarised in the following theorem.
Theorem A For all groups G of order 32, except for the groups G44 and G45,
Outc(G) = 1.
By Hom(G,A) we denote the group of all homomorphisms of G into an
abelian group A. A non-abelian group G that has no non-trivial abelian direct
factor is said to be purely non-abelian. For two subgroupsH and K of G, [H,K]
denotes the subgroup of G generated by all commutators [x, y] = x−1y−1xy with
x ∈ H and y ∈ K. By [x,G] we denote the set of all commutators of the form
[x, g], g ∈ G. Observe that if G is nilpotent of class 2, then [x,G] is a subgroup of
G. The lower central series of a group G is the descending series G = γ1(G) ≥
γ2(G) ≥ · · · ≥ γi(G) ≥ · · ·, where γn+1(G) = [γn(G), G], and upper central
series is the ascending series Z(G) = Z1(G) ≤ Z2(G) ≤ · · · ≤ Zi(G) ≤ · · ·,
where Zi+1(G) = {x ∈ G|[x, y] ∈ Zi(G) for all y ∈ G}. An automorphism α of
G is called a central automorphism if x−1α(x) ∈ Z(G) for each x ∈ G. The set
Cent(G) of all central automorphisms of G is a normal subgroup of Aut(G).
2 Toolbox
All the tools required to prove Theorem A are listed in this section. Fortunately
(or unfortunately!) we have been able to prove the theorem using the existing
tools. Only one existing tool (Lemma 2.1) is slightly modified (Lemma 2.2).
Lemma 2.1 [19, Theorem 3.5] Let G be a finite p-group of class 2 and let
{x1, x2, . . . , xm} be a minimal generating set for G such that [xi, G] is cyclic,
1 ≤ i ≤ m. Then Outc(G) = 1.
Lemma 2.2 If G is a group of order pn, n ≥ 3 and |Z(G)| = pn−2, then
Outc(G) = 1.
Proof. Observe that nilpotency class of G is 2. If x is a non central element
of G, then |CG(x)| = p
n−1 and thus |xG| = |[x,G]| = p. If x is a central
element of G, then |xG| = |[x,G]| = 1. In any case, [x,G] is cyclic and therefore
Outc(G) = 1 by Lemma 2.1. 
Lemma 2.3 [9, Proposition 4.1] Let G be a group which can be generated by
two elements x, y such that every element of G can be written in the form xiyj,
i, j are integers. Then Outc(G) = 1.
Lemma 2.4 [8, Proposition 2.2] Let G = H ⊕K be the direct sum of its sub-
groups H and K. Then Outc(G) = 1 if and only if Outc(H) = Outc(K) = 1.
Lemma 2.5 [6, Proposition 2.7] Let G be a finite group having an abelian nor-
mal subgroup A with cyclic quotient G/A. Then class-preserving automorphisms
of G are inner automorphisms
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Lemma 2.6 [19, Lemma 2.2] Let G be a finite p-group such that Z(G) ⊆ [x,G]
for all x ∈ G− γ2(G). Then |Autc(G)| ≥ |Cent(G)||G/Z2(G)|.
Lemma 2.7 [1] If G is a purely non abelian finite group, then |Cent(G)| =
|Hom(G/γ2(G), Z(G))|.
The well known commutator identities
[x, yz] = [x, z][x, y][x, y, z]; [xy, z] = [x, z][x, z, y][y, z],
where x, y, z ∈ G, will be frequently used without any reference.
3 Proof of Theorem A
The groups G1 to G7 are abelian, so we start with non abelian groups. The
proof of the theorem follows from all the results proved in this section.
Proposition 3.1 For groups G44 and G45, there exist class preserving auto-
morphisms which are not inner.
Proof. Consider G = G44. Since yx = xy
5 and zy = y7z, it follows that
|y| = 8 and every element of G can be written in the form xiyjzk, where
0 ≤ i, k ≤ 1, and 0 ≤ j ≤ 7. We show that Z(G) = {1, y4}. Since [z, y4] =
[z, y2]2 = [z, y]4 = y8 = 1 and [x, y2] = [x, y]2 = y8 = 1, y4 ∈ Z(G). It
is easy to see that other powers of y are not in Z(G). Since xy4 does not
commute with y, it cannot be in Z(G). If xyi ∈ Z(G); i = 1, 2, 3, 5, 6, 7,
then commuting it with z gives i ≡ 7i(mod 8), a contradiction. Using similar
arguments, other possibilities can also be ruled out and thus Z(G) = {1, y4}.
Consider G/Z(G). Since xZ(G) commutes with yZ(G) and zZ(G), and y2Z(G)
commutes with xZ(G) and zZ(G), it follows that |Z(G/Z(G))| ≥ 4. Since
yZ(G) /∈ Z(G/Z(G)), |CG/Z(G)yZ(G)| = 8 and thus |Z(G/Z(G))| = 4. This
gives |Z2(G)| = 8. Now G/Z2(G) is abelian, therefore G = Z3(G) and hence G
is nilpotent of class 3. It is easy to see that Z(G) ≤ γ2(G) = Φ(G). It follows
from [18, theorem 4.7] that |γ2(G)| = 4 and Z(G) ⊆ [x,G] for all x ∈ G−γ2(G).
By Lemma 2.6
|Autc(G)| ≥ |Cent(G)|2
5/|Z2(G)|.
Since G is purely non abelian and G/γ2(G) is elementary abelian of order 8, by
Lemma 2.7 we have
|Cent(G)| = |Hom(G/γ2(G), Z(G)| = 8.
Thus |Autc(G)| ≥ 2
5 > 24 = |Inn(G)|. That Outc(G45) 6= 1 can be shown
similarly. 
Remark: The order of Autc(G) in the above proposition is in fact exactly equal
to 32. Observe that CG(x) = < x, y
2, z >, CG(y) = < y > and CG(z) = <
x, y4, z >. Thus |CG(x)| = 16 and |CG(y)| = |CG(z)| = 8. Hence |x
G| = 2
3
and |yG| = |zG| = 4. Since any class preserving automorphism preserves the
conjugacy classes, there are |xG|, |yG| and |zG| choices for the images of x, y
and z respectively under it. Thus |Autc(G)| ≤ |x
G||yG||zG| = 32.
Proposition 3.2 The groups G42 and G43 are extraspecial and therefore all
class preserving automorphisms are inner.
Proof. Consider G = G42. Since 1 = [y
2, w] = [x2, w] = [x,w]2 = x4, it
follows that |x| = |y| = |z| = |w| = 4 and x2 ∈ Z(G). Since wx = xw3 and
zy = y3z, every element of G can be written as xiyjzkwl, where 0 ≤ i ≤ 3
and 0 ≤ j, k, l ≤ 1. If z(xiy) = (xiy)z, then xiy3z = xiyz and thus y2 = 1
which is not so. So xiy /∈ Z(G). Using similar arguments we can show that
xiz, xiw, xiyz, xiyw, xizw, and xiyzw cannot be in the center. Thus Z(G) =
{x2, 1}. Observe that any element of G/Z(G) is of the form xiyjzkwlZ(G),
where 0 ≤ i, j, k, l ≤ 1. Since xw = wx3 ≡ wx (mod Z(G)) and yz = zy3 ≡
zy (mod Z(G)), it follows that G/Z(G) is abelian and hence γ2(G) = Z(G) =
Φ(G). Similar arguments show that G43 is also an extraspecial p-group. 
Proposition 3.3 If G is any of the groups from G23 to G25, then G = H ⊕K
for some subgroups H and K such that Outc(H) = Outc(K) = 1 and hence
Outc(G) = 1 by Lemma 2.4.
Proof. Observe that G23 = H ⊕K, where H = {x, y|x
8 = y2 = 1, yx = x7y}
and K = {z|z2 = 1}; G24 = H ⊕K, where H = {x, y|x
8 = y2 = 1, yx = x3y}
and K = {z|z2 = 1}; and G25 = H ⊕ K, where H = {x, y|x
8 = 1, y2 =
x4, y−1xy = x−1} and K = {z|z2 = 1}. Since K is cyclic and every element of
H can be written as xiyj for suitable i and j, Outc(K) = Outc(H) = 1. 
Proposition 3.4 If G is any of the groups from G22, G29, G30, G32, and
G49−G51, then every element of G can be written as x
iyj, for suitable integers
i andj, and hence Outc(G) = 1 by Lemma 2.3.
Proof: Observe that all the groups are generated by x and y, and yx can be
written as xy9, x7y, x3y, x7y, x15y, x7y and x15y in the respective groups. 
Proposition 3.5 If G is any of the groups from G8 to G21, then |Z(G)| = 8
and hence Outc(G) = 1 by Lemma 2.2.
Proof. For G8 it is clear that z and w are in the center. Since [x
2, y] =
[x, y]2 = 1, x2 is in the center and thus |Z(G8)| = 8. For G9 again it is obvious
that z and w are in the center. Since x4 = [y, x]2 = [y2, x] = 1, |x| = 4 and
since [x2, y] = [x, y]2 = 1, x2 is in the center and thus |Z(G9)| = 8. For G10,
x and w are in the center and since x4 = [z, y]2 = [z2, y] = 1, |x| = 4 and
therefore |Z(G10)| = 8. For G11, clearly z is in the center and since [x, y
2] =
[x, y]2 = [x2, y] = 1, it follows that y2 is in the center and |[x, y]| = 2. Also,
since z commutes with x and y, it commutes with [x, y] as well. Thus [x, y]
is also in the center and hence |Z(G11)| = 8. For G12, z is in the center
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and since [x2, y] = [x, y2] = 1, both x2 and y2 are in the center and thus
|Z(G12)| = 8. Observe that every element of G13 can be written in the form
xiyjzk; 0 ≤ i ≤ 1, 0 ≤ j ≤ 7, and 0 ≤ k ≤ 1. Therefore |y| = 8 and |x| = 2.
Now clearly z is in the center and [y2, x] = [y, x]2 = 1 implies that y2 is also
in the center. Therefore |Z(G13)| = 8. For G14, clearly z is in the center
and since [x2, y] = [x, y]2 = 1, x2 is in the center and thus |Z(G14)| = 8. In
G15, observe that x
4 = [y, x]2 = [y2, x] = 1 = [y, x2]. Thus |x| = 4 and x2
is in the center. Also z is in the center and therefore |Z(G15)| = 8. In G16,
|x| = 4 and x and z2 are in the center. Thus |Z(G16)| = 8. In G17, x is in
the center and |x| = 8. Thus |Z(G17)| = 8. In G18, [x, y] is in the center.
Also [x2, y] = [x, y2] = [x, y]2 = 1 implies that x2 and y2 are in the center and
|[x, y]| = 2. Therefore |Z(G18)| = 8. In G19, since [x
2, y] = [x, y2] = [x, y]2 = 1,
it follows that x2 and y2 are in the center and |Z(G19)| = 8. In G20 clearly
[x, y] is in the center and [x, y2] = [x, y]2 = [x2, y] = 1 implies that |[x, y]| = 2
and y2 is in the center. Thus |Z(G20)| = 8. In G21 it follows from the relation
[x2, y] = [x, y2] = 1 that x2 and y2 are in the center and |Z(G21)| = 8. 
Proposition 3.6 If G is any of the groups from G26 − G28, G31, G33 − G41
and G46 − G48, then G has an abelian normal subgroup H such that G/H is
cyclic and hence Outc(G) = 1 by Lemma 2.5.
Proof. In G26, 1 = [x
2, z] = [y4, z] = [y2, z]2 = [y, z]4. Thus |x| = 4, |y| = 8,
and H = < x, y > . In G27, 1 = [x, y
2] = [x, y]4 = x8 implies that |x| = 8.
Let z = [x, y], then [z, x] = 1 and |z| = 4. Thus H = < x, z >. In G28,
1 = [x4, y] = [x2, y]2 = [x, y]4 = x8 implies that |x| = 8. Take z = [x, y], then
[z, x] = 1, |z| = 4 and H = < x, z >. In G31, take z = [x, y], then z commutes
with x. Also, 1 = [x4, y] = [x2, y]2 = [x, y]4 = z4 implies that |z| = 4 and thus
H = < x, z >. In G33, observe that each of the elements x, y, zxz
−1, and zyz−1
is of order 2 and commutes with another. Thus H = < x, y, zxz−1, zyz−1 >.
In G34, it is easily seen that H = < x, y >. In G35, observe that |x| = 4 and
H = < x, y >. In G36 and G37, 1 = [x, z]
2 = [x2, z] and [x, z] = x2 implies that
xz = zx3. Take w = [y, z], then |w| = 2 and it commutes with x and y. Thus
H = < x, y, w >. In G38, 1 = [x
2, z] = [x, z]2 = y4 ; (y2z)2 = ([z, x]z)2 = 1.
Thus |y| = 4 and y2z = zy2. Take w = [y, z], then |w| = 2 and it commutes
with y and z. Thus H = < x, y, w >. In G39, [x
2, z] = [x, z]2 = x4 ; 1 =
[x, z2] = [x, z]2[x2, z] = x8 ; [y2, z] = [y, z]2 = x4 ; 1 = [y, z2] = [y, z]2[y, z, z] =
x4[x2y2, z] = x4[x2, z][y2, z] = x12. Thus |x| = 4 and H = < x, y >. In G40,
z4 = [z, y]2 = [z2, y] = [x−2y2, y] = 1 ; [y2, z] = [y, z]2 = 1 ; x4 = [x, z]2 =
[x2, z] = [y2z2, z] = 1. Thus |x| = 4, |y| = 4 and H =< x, y >. In G41,
[x2, z] = [x, z]2 = x4y4 ; [y2, z] = [y, z]2 = x4 ; 1 = [x, z2] = [x, z]2[x2y2, z] =
x12y8 ; 1 = [y, z2] = [y, z]2[x2, z] = x8y4. Thus |x| = 4, |y| = 4 and H =<
x, y >. In G46, let z = [x, y] and w = [x, y, y] = [z, y], then z commutes with
x and w commutes with y. Observe that 1 = [x2, y] = [x, y]2 = z2 ; [x, y2] =
[x, y]2[x, y, y] = w ; 1 = [x, y4] = [x, y2]2[x, y2, y2] = w2. Thus |z| = |w| = 2.
Since xy2 = (xy)y = (yxz)y = yx(zy) = yx(yzw) = y(xy)zw = y(yxz)zw =
y2xw, wx = (xy2xy2)x = (xy2x)y2x = (xy2x)(xwy2) = xw. Thus w commutes
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with x and hence with z as well. It is easy to see that every element of G46
can be written in the form xiyjzkwl, where 0 ≤ i, k, l ≤ 1 and 0 ≤ j ≤ 3. Let
H = < x, z, w >, then H is abelian, Hy = yH and G46/H = < yH > . In G47
let [x, y] = z, then z commutes with x and [z, y] = y4. Observe that 1 = [x2, y] =
[x, y]2 = z2 ; [z, y2] = [z, y]2 = y8 ; and 1 = [z2, y] = [z, y][z, y, z][z, y] =
y4[y4, z]y4 = y4[y2, z]2y4 = y−8. Thus y2 commutes with z, |z| = 2 and |y| = 8.
Since zy = y5z and yx = xyz, every element of G47 can be written as x
iyjzk,
where 0 ≤ i, k ≤ 1 and 0 ≤ j ≤ 7. Let H = < x, y4, z >, then it is easy
to verify that H is a normal subgroup of G47 and G47/H =< Hy > is cyclic.
In G48, let [x, y] = z, then z commutes with x and z
2 = [x2, y] = 1. Since
1 = [z2, y] = [z, y]2 = y8, |x| = 4 and |y| = 8. Now zy = y5z and yx = xyz,
therefore every element of G48 can be written as x
iyjzk, where 0 ≤ i, k ≤ 1 and
0 ≤ j ≤ 7. Let H = < x, z >, then Hy = yH and G48/H = < Hy >. 
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